Abstract A new concept for controlling of underactuated robot manipulators is presented by using switching computed torque method. One fundamental feature of the present approach is to use the partly stable controllers (PSCs) in order to fulfill the ultimate control objective. Dynamic model of an underactuated robot system is directly analyzed to synthesize partly stable, computed torque controllers without performing rigorous linearizations or any other deformation methods to the original nonlinear system. Here, we use genetic algorithms (GAs) to employ the optimum control action for a given time frame with the available set of elemental controllers, depending on which links or state variables are controlled, i.e. the selection of optimum switching sequence of the control actions. Two underactuated robot manipulators are taken into consideration so as to illustrate the design procedure. Simulation results show the effectiveness of the proposed method. This basic concept has led authors to explore a vast research area on controlling underactuated manipulators.
Introduction
In recent past, a great deal of research interest has been devoted to control underactuated robot manipulators, which are basically categorized under nonholonomic systems [1] - [4] . The class of manipulators with fewer (e.g., m u ) actuators than n-degrees-of-freedom (DOF) is generally referred as underactuated robot manipulators and this fact brings the difficulty of controlling. The control task of such systems is further complicated by the characteristics such as complex nonlinear dynamics, nonholonomic behavior, and lack of linearizability that are often exhibited by this class of nonlinear systems [2] , [5] - [8] . However, underactuated robots are a theoretically interesting [4] , [7] and practically important [8] , [9] class of nonlinear systems among the research community. Thus, controlling this class of robots is a challenging task and still remains as an open problem, basically, due to the fact that there are no generalized methods.
There have been a considerable number of studies on underactuated manipulators during the past decade. Nonholonomic control of a planar manipulator having 3-DOF with the third joint being passive was discussed in [1] , in which trajectories for positioning are composed of simple translational and rotational trajectory segments that are stabilized by nonlinear feedback control. Furthermore, cooperated control for underactuated manipulators has been brought into the research field [5] , where among the many possible control sequences of a robot, the optimal control sequence is selected by dynamic programming. Control of robot manipulators through chaotic attractors and fuzzy model-based regulators is discussed in [10] . In this approach, it is not always possible to construct chaotic attractors in the first phase of control and this will be a disadvantage. Recently, stabilization of a PR (i.e., prismatic-rotational joints) planar manipulator is carried out via partial feedback linearization and nilpotent approximation [8] . Appling fuzzy logic control with two major steps, an underactuated robot with a fuzzy microcontroller is presented in [9] . Although the system performs well, this cannot be generalized to other systems, because it only came from practical considerations. Even though various researchers have carried out considerable numbers of studies, there are some limitations, drawbacks and disadvantages.
The main purpose of this paper is to propose a control algorithm for underactuated manipulators using switching computed torque method with the aid of genetic algorithms (GAs), as an optimization technique. This method presents a new concept to control underactuated robot manipulators in tracking an optimum path by switching partly stable controllers (PSCs) appropriately. Here, to realize an optimum response of the manipulator behavior, we use GA in selecting a suitable controller at each instant from a set of elemental controllers, in which, depending on which links or state variables are controlled, a possible number of elemental controllers must be designed in advance by a limited number of actuators. The optimal employment of PSCs for corresponding time slots in actuating the robot system is determined under this algorithm encoding the chromosomes. This GA-based scenario has promoted authors to look beyond the classical methods such as chained form while adding intelligent controlling [3] . Based on this basic concept, authors have explored and developed some of the promising features of switching computed torque methods [15] , [16] , [18] . The rest of the paper is organized as follows. In Section 2, dynamic modeling and design concept are presented. Controller selection, design, and results of PSCs are discussed and presented in Section 3. Two cases are taken into consideration so as to illustrate the design procedure and the simulation results are presented in Section 4. Finally, further developments and conclusions are given in Section 5 and Section 6, respectively.
Dynamic System Modeling
Let us consider the dynamic model of a manipulator given by
Here, q ∈ n is the generalized coordinate vector and F ∈ n is the input force/torque vector. M (q) is the n × n symmetric, positive-definite inertia matrix, and h(q,q) represents Coriolis, centrifugal, gravitational and frictional damping components. Suppose that an underactuated robot system has m u number of actuators to control and n-DOF links, where 1 ≤ m u < n. The equation (1) can be rearranged as follows in order to obtain the desired second-order derivatives:
where D = det(M) andM is the cofactor of M . It is assumed that M is invertible, and expanding (2) gives
In this derivation, we represented all the active joints forces
T ≡ η ∈ mu , and it was assumed that m u -actuators are directly allocated to the roots of m ulinks starting from first joint. Generally, whether m u -actuators are arranged at which link differs for every problem. That is, in an underactuated manipulator, the combination of two or more elemental controllers will be generated, depending on whether available m u -actuators are acted to control which links. Now, we have n C mu number of combinations of m udimensional controllers. Moreover, the number of different combinations of n-variables and m u -actuators at a time, without repetitions, is
Formulation of partly stable controllers
One of the above combinations of available controllers should be selected at a given time in order to actuate the robot system (1). For simplicity, we present how to derive an elemental controller for selected m u number of link coordinates out of n-links as shown below:
This can be rewritten as:
where
denotes their associated cofactors consisting of inertia element. However, it should be noted that the choice of desired controllable links/variables using a set of elemental controllers remains open. Define Φ and Γ matrices as
Since the inertia matrix M is positive definite, Φ is also m u × m u full rank matrix for any control law. Now, we have a set of control inputs for any control law as below:
wheres * is the modified acceleration, which can be constructed by using a simple PD servo such as: 
Determination of switching sequence
After designing all the PSCs, we have to determine how to switch the PSCs, or how to select one possible PSC at any sampling time instant among a set of n C mu elemental controllers. Since any switching logic may be designed by using available information, i.e., an optimum-operating sequence of the controllers is assumed to be selected offline, we use here specifically GA.
To solve the general control problem with optimum switching of available PSCs, we define the total time span t N of a trajectory Ψ such that Ψ (t); t ∈ [0, t N ]. The genes of a chromosome are represented as controller indices. Fitness in this case is assumed to be constructed by the error between the desired values and state variables for the total time span t N , i.e., from t = 0 to t = t N . Thus, the fitness function of the GA optimization process is defined as follows:
where k is the discrete-time instant, N is the final discretetime instant, x denotes the state variable vector, and x d is the desired reference vector.
Note that the weighting matrix
is selected so that they relax the condition at initial stage while keeping higher weights at the latter part of the time frame. Figure 1 shows a sample chromosome that represents controller indices for two PSCs, where 0 represents the first elemental controller and 1 is for the second elemental controller.
In our past studies [15] , [18] it has been shown that one can also select the fitness function (10) according to fulfill the sub optimization goals such as energy consumption with introducing constraints [13] , [14] .
Design of Partly Stable Controllers (PSCs)
In this section, two examples are presented to show how to design the partly stable controllers. That is, control laws explained in (8) and (9) are illustrated, taking these two examples.
Example-1: Two-DOF planar manipulator
The underactuated robot manipulator in Fig. 2 shows the basic configuration of the manipulator that has 2-DOF. A single arm with a passive joint is fixed on to a platform such that the complete system travels along a rail. This platform can be moved by applying a reactive force f along the t axis, i.e., the complete system is a PR planar. We assume that the movements of the robot system only occur on the horizontal plane and gravitational components are not taken into consideration [17] . The manipulator shown in Fig. 2 has the physical parameters given in Table 1 and the definitions of
. In this example, the robot system has the following M (q) and h(q,q) in the equation (1): (2), it yields thaẗ
Here, D is given by
In this example, n = 2 and m u = 1, therefore we have controller combinations n C mu = 2 C 1 = 2, i.e., depending on which link is controlled, two computed torque controllers can be designed by one actuator. Henceforth, we can represent these two control laws as follows:
-Control law 2:
Here, the P-D servo scalar gains for the control laws 1 and 2 are given by K p1 , K v1 and K p2 , K v2 respectively. Applying these control laws 1 and 2 to the system (13), it follows that -Control law 1q
-Control law 2q
When defining the errors e 1 and e 2 as below:
error functions of controlled coordinate for each case can be produced as -Control law 1ë
-Control law 2ë
If we analyze and simulate both cases separately, Fig. 3 will be the results of the output responses of x and θ. It can be seen from Fig. 3(upper) that the variable θ cannot be controlled, if the control law 1 is used. On the other hand, x cannot be controlled in Fig. 3 (lower) , if the control law 2 is applied. These two cases are considered as the PSCs such that they can be used for controlling each link whenever it is necessary to fulfill a control objective in the sense of controlling total robot system. Note here that the PD gains were selected as K v1 = 1.0, K v2 = 1.0, K p1 = 8.0, and K p2 = 8.0.
Furthermore, there is a singularity problem in (16) when M 12 tends to zero. Here, the variable θ can be stabilized for finite time, i.e. for 8 [s] or much more with a small error component. A major computational advantage of this switching computed torque method is the employment of GA with a finite time frame, even though it is impossible theoretically. On the other hand, it definitely needs one of the singularity avoidance methods to deal with a theoretically infinite time.
Example-2: Three-DOF planar manipulator
A 3-DOF PPR (i.e., prismatic-prismatic-rotational joints) planar manipulator is shown in Fig. 4 as an extension of example-1. Generalized coordinates and inputs of the robot manipulator are defined as and it has the following M (q) and h(q,q):
The equation of motion of the robot system is given by (1)
m y + m ml g cos θ −ml g sin θ ml g cos θ ml 
The manipulator parameters and their values are given in Table 2 . Taking D as D = det(M) andM ij as cofactors of M gives
The values ofM ij , (i = 1, 2, 3; j = 1, 2, 3) are given below:
Since we have n C mu = 3 C 2 = 3 number of combinations of m u (= 2)-dimensional controllers, three computed torque controllers can be brought into by two actuators. We can synthesize the first control law for the sub coordinates
Therefore, it follows that -Control law 1:
, and modified accelerations [q * 1q * 2 ] are determined by using a simple PD servo:
Similarly, we can next choose the sub-coordinates s T = [q 2 q 3 ], so that
Henceforth, it gives that -Control law 2:
, and modified accelerations [q * 2q * 3 ] are determined by using a simple PD servo:
Henceforth, it gives that -Control law 3:
, and modified accelerations [q * 1q * 3 ] are determined by using a simple PD servo:
in which Applying control laws 1, 2 and 3 to the robot manipulator separately, it can obtain the three graphs (see Fig. 5 ) respectively. Note that, we selected K p and K v values as:
Simulation and Results
The proposed switching computed torque method was applied for two robot systems, 2-DOF PR and 3-DOF PPR robots. Total time frame t N was set to 8 [s] with 10 [ms] sampling width in order to employ (10) . We are interested in applying the following w i (k) elements of the W (k) = diag{w 1 (k), . . . , w 4 (k)}, k = 1, 2, . . ., N for the fitness function (10) in optimizing the 2-DOF PR manipulator:
where,
Similarly, the w i (k) values are selected for the second example as explained in (35) such that
Note that for both cases, fitness function can also be optimized introducing additional constraints to the GA process [13] , [14] .
Example-1
To demonstrate the validity of the proposed scheme, we present how to solve this tracking problem under the proposed design criterion in Section 2. The manipulator in example-1 Similarly, Fig. 7 shows the time response ofẋ andθ. Figure  8 gives the best fitness value of the evolutionary history and this ensures that the controlled variables are met the desired values within an acceptable level of time frame. For more details on the evolutionary process, the parameters used in implementing the GA algorithm and their values are given in Table 3 .
Example-2
Similar to the previous example, we applied the concept explained in Section 2 to control the 3-DOF PPR robot system, starting from Figure 9 shows simulation results for the time response of controlled variables x, y, and θ. Moreover, time responses ofẋ andθ and 3-dimensional error plot are given by Fig. 10 and Fig. 11 , respectively. Further, we would like to present the statistical information of the GA process for both Simulation 1 and 2 (see Table 4 ).
Chattering optimization
Here, we further investigate the chattering phenomenon of the switching computed torque method, i.e., one of the inher- ent drawbacks associated with such kind of switching controllers. In this problem, an additional cost part is brought into the fitness function f 2 (36) as below:
(36) where α is a constant depending on the problem and δt is the sampling width. In order to minimize the chattering occurred in the control input of the example-1 using (10), we use the equation (36) for optimizing the servo problem. Figure 12(upper) shows the input f for both cases (10) and (36), in which α = 5000 was used. Moreover, Fig. 12(lower) shows the zoomed view of the control input in both cases for the time slot from t = 2 [s] to t = 3 [s]. Furthermore, the controller indices are given in Fig. 13 for both cases. It is found from this figure that the smoothness of the control input can be achieved, because switching of the controllers has been limited. In addition, the big impulsive force in transient stage has also been reduced.
Further Development
Based on the basic concept in this paper, authors are currently investigating a fuzzy rule extraction for selecting PSCs for online operations of underactuated manipulators. Under this, the fuzzy rule base of switching the PSCs is optimized using GA and the optimization is performed off-line. Design The basic idea of the fuzzy controller and simulation results are given in [16] . This is illustrated by taking a 2-DOF RR (i.e., revolutionary-revolutionary joints) planar manipulator and further details will be available in future publications.
Conclusions
In this study, a concept of controlling underactuated robot manipulators has been proposed by using switching computed torque method. Two underactuated robot manipulators, i.e., 2-DOF PR and 3-DOF PPR robots, working on a horizontal plane were taken into consideration so as to illustrate the present method. PSCs were derived using the original dynamic model of the manipulator in order to employ them under a proper switching sequence in achieving the global convergence and stability of the control system. Optimum switching sequence of PSCs was carried out by evolutionary computation, i.e., a simple GA.
One of the major advantages of this method is that entire system can be controlled without using rigorous linearizations or deformation of the original nonlinear system and employing simple computed torque controllers as PSCs in the control system. In our past studies, it has been shown that the consumption of energy of robot system can also be optimized introducing additional constraints to GA process. Moreover, the problem of chattering in occurring when it comes to switching controllers could be also reduced by introducing additional constraint to the fitness function. When it comes to optimize with the use of GA or any other evolutionary computational method, it takes quite high time for computing one iteration. As a remedy, we will further investigate this basic concept and develop an online fuzzy controller. Thus, the proposed basic control methodology is useful for controlling underactuated robot manipulators. 
